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6ROYLQJ�WKH�7UDYHOOLQJ�6DOHVPDQ�3UREOHP�E\�FODVVLFDO�VLPXODWHG�DQQHDOLQJ�
PHWKRG�
3��6��*UDEXVWV�
5LJD�7HFKQLFDO�8QLYHUVLW\��5LJD��/DWYLD�

.H\ZRUGV��2SWLPL]DWLRQ��7UDYHOOLQJ�6DOHVPDQ�3UREOHP��6LPXODWHG�$QQHDOLQJ�
$%675$&7��7KLV� VWXG\�GHVFULEHV� DQ�RSWLPL]DWLRQ�PHWKRG�FDOOHG�6LPXODWHG�$QQHDOLQJ� �6$��ZKRVH� DOJR�
ULWKP�LV�HPSOR\HG�LQ�DUWLILFLDO�QHXUDO�QHWZRUNV��SDUWLFXODUO\��LQ�WKH�%ROW]PDQQ�PDFKLQH��7KH�6$�PHWKRG�LV�
ZLGHO\�XVHG�LQ�YDULRXV�FRPELQDWRULDO�RSWLPL]DWLRQ�WDVNV��,Q�WKLV�SDSHU�WKH�DSSOLFDWLRQ�RI�WKH�6$�PHWKRG�WR�D�
ZHOO�NQRZQ�WDVN�RI�FRPELQDWRULDO�DQDO\VLV� ��7UDYHOOLQJ�6DOHVPDQ�3UREOHP��763���� LV�GHPRQVWUDWHG�DQG�DQ�
H[SHULPHQW�DLPHG�WR�ILQG�WKH�VKRUWHVW�WRXU�GLVWDQFHV�EHWZHHQ����/DWYLDQ�WRZQV�LV�SHUIRUPHG��

�� ,1752'8&7,21�
6LPXODWHG�$QQHDOLQJ� �6$�� LV� D� VWRFKDVWLF�RSWLPL]DWLRQ�PHWKRG� WKDW� FDQ�EH�XVHG� WR�PLQLPL]H� WKH� VSHFLILHG�
FRVW�IXQFWLRQ��HQHUJ\��JLYHQ�D�FRPELQDWRULDO�V\VWHP�ZLWK�PXOWLSOH�GHJUHHV�RI�IUHHGRP��7KLV�PHWKRG�HQDEOHV�
RQH�WR�ILQG�D�JOREDO�H[WUHPXP�IRU�D�IXQFWLRQ�WKDW�KDV�ORFDO�PLQLPXPV��7KH�IRXQGDWLRQV�RI�6$�ZHUH�LQWUR�
GXFHG�LQ��.LUNSDWULFN�HW�DO��������DQG�WKHQ�GHYHORSHG�LQ��/DDUKRYHQ�HW�DO���������1RZDGD\V�WKH�6$�PHWKRG�
LV�YLHZHG�RI�DV�DQ�LQGHSHQGHQW�UHVHDUFK�DUHD�DQG�LV�GLVWLQJXLVKHG�IURP�DUWLILFLDO�QHXUDO�QHWZRUN�WHFKQLTXHV��,W�
LV�SRVVLEOH�WR�LQFRUSRUDWH�6$�SURSHUWLHV�LQWR�WKH�QHXUDO�QHWZRUN�DUFKLWHFWXUH�LQ�D�YDULHW\�RI�ZD\V�SDUWLFXODUO\�
E\�LQFOXGLQJ�6$�LQ�WKH�VWDJH�RI�OHDUQLQJ��7KH�SURWRW\SH�XVHG�ZDV�WKH�%ROW]PDQQ�PDFKLQH�WR�WUDLQ�ZKLFK�WKH�
6$�PHWKRG�ZDV�HPSOR\HG���

�� 3+<6,&$/�$1$/2*<�

���� $QQHDOLQJ�SURFHVV�
7KLV�LV�WKH�DQDORJ\�ZLWK�VWDWLVWLFDO�PHFKDQLFV�DQG��VSHFLILFDOO\��ZLWK�HOHPHQWV�RI�VROLG�VWDWH�SK\VLFV�WKDW�XQ�
GHUOLHV� WKH� 6$�PHWKRG�� $� SUDFWLFDO� H[DPSOH� IURP�PHWDOOXUJ\� FDQ� EH� JLYHQ� KHUH��:KDW� KDSSHQV� ZLWK� WKH�
DWRPLF�VWUXFWXUH�RI�D�VROLG�ZKHQ�LW�LV�EHLQJ�DQQHDOHG�YHU\�TXLFNO\��L�H��ZKHQ�WKH�WHPSHUDWXUH�LV�GHFUHDVLQJ"�$�
VKDUS�WHPSHUDWXUH�IDOOLQJ�FDQ�OHDG�WR�WKH�V\VWHP
V�DV\PPHWULF�VWUXFWXUH�RU��LQ�RWKHU�ZRUGV��WR�D�QRQ�RSWLPDO�
VWDWH�FRQWDLQLQJ�HUURUV��,Q�WKH�ORQJ�UXQ�DQQHDOLQJ�OHDGV�WR�D�VWDWH�ZKHQ�D�V\VWHP�EHFRPHV�FKLOOHG�RU�IUR]HQ�
DQG�WKH�WKHUPDO�HTXLOLEULXP�LV�HVWDEOLVKHG���

7KH�VR�FDOOHG�0HWURSROLVHV�SURFHGXUH�GHWHUPLQHV�LWHUDWLYH�VWHSV�WKDW�FRQWURO�DUULYLQJ�DW�WKH�EHVW�VROXWLRQ��
7KLV�DOJRULWKP�LV�HPSOR\HG�WR�VLPXODWH�UHDFKLQJ�WKH�DWRPLF�HTXLOLEULXP�DW� WKH�JLYHQ�WHPSHUDWXUH��$W�HDFK�
VWHS�RI�WKH�DOJRULWKP�DWRP�LV�VHW�ZLWK�D�VOLJKW�SUREDELOLVWLF�GLVSODFHPHQW��GHYLDWLRQ���[ T ��ξ��DQG�D�YDULDWLRQ�RI�
V\VWHP�HQHUJ\��∆(��LV�FDOFXODWHG��
�� ,I�∆(�≤�����WKHQ�GLVSODFHPHQW�LV�DFFHSWHG�DQG�D�FRQILJXUDWLRQ�ZLWK�WKH�DWRP�VWDWHV�FKDQJHG�LV�HPSOR\HG�

DV�WKH�LQLWLDO�VWDWH�DW�WKH�QH[W�VWHS��
�� ,I�∆(!����WKHQ�D�SUREDELOLW\�WKDW�WKH�QHZ�VWDWH�LV�DFFHSWHG�ZLOO�EH�

3�∆(�� �H[S��∆(�N7�� ����
ZKHUH�N� �%ROW]PDQQ
V�FRQVWDQW��7 �SDUDPHWHU��WHPSHUDWXUH��
3URYLGHG�WKH�V\VWHP�HQHUJ\�LV�HPSOR\HG�DV�D�FRVW�IXQFWLRQ�DQG�V\VWHP�VWDWHV�DUH�GHILQHG�DV�^[ T `��RQH�FDQ�

VHH�WKDW�WKH�0HWURSROLVHV�SURFHGXUH�JHQHUDWHV�D�YDULHW\�RI�VWDWHV�IRU�WKH�JLYHQ�RSWLPL]DWLRQ�WDVN�DW�WKH�VSH�
FLILF�WHPSHUDWXUH��
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���� &RPELQDWRULDO�RSWLPL]DWLRQ�
0HWKRGV�WKDW�DUH�FRPPRQO\�HPSOR\HG�WR�VROYH�FRPELQDWRULDO�RSWLPL]DWLRQ�SUREOHPV�DUH�GLVWLQJXLVKHG�LQWR�
WZR�GHWHUPLQLVWLF�DQG�VWRFKDVWLF��'HWHUPLQLVWLF�PHWKRGV�UHTXLUH�QRW�RQO\�KXJH�FRPSXWDWLRQDO�UHVRXUFHV�EXW�
WKH\�DOVR�GR�QRW� HQVXUH� ILQGLQJ� WKH�JOREDO�PLQLPXP�RI� D� VXIILFLHQW� DFFXUDF\��6WRFKDVWLF�PHWKRGV�� LQ� WKHLU�
WXUQ��XVH�VWDWLVWLFDO�GDWD�ZLWK�VWRFKDVWLF�SDUDPHWHUV��ZKDW�DIIHFWV�WKH�SURFHVV�RI�RSWLPL]DWLRQ��DQG�VROYH�WKH�
WDVN�IURP�WKH�SUREDELOLVWLF�SRLQW�RI�YLHZ��

6WRFKDVWLF�PHWKRGV�FDQ�EH�FKDUDFWHUL]HG�E\�WZR�SKDVHV���
��JHQHUDO�SKDVH�ZKHUH�WKH�IXQFWLRQ�REMHFWLYH�LV�HYDOXDWHG�DV�D�VHW�RI�PRGHO�SRLQWV��DQG�
��ORFDO�SKDVH��ZKHQ�WKLV�VHW�LV�UHFRQVWUXFWHG�LQ�WKH�GLUHFWLRQ�RI�ORFDO�VHDUFKLQJ��
,W�VKRXOG�EH�QRWHG�WKDW�LQ�PDQ\�PHWKRGV�WKHVH�WZR�VWDJHV�DUH�QRW�VWULFWO\�GLVWLQJXLVKHG���
$QRWKHU�ZD\�WR�XQGHUVWDQG�6$�DV�D�FRPELQDWRULDO�RSWLPL]DWLRQ�PHWKRG�LV�WR�LPDJLQH�HQHUJHWLF�VXUIDFH�DV�

VKRZQ�LQ�)LJXUH����:KHQ�VWDUWLQJ�IURP�D�SRLQW�RSWLRQDOO\�FKRVHQ��D�SHOOHW�ZLOO�DOZD\V�ORRN�IRU�D�SDWK�GRZQ��
,I�D�V\VWHP�RI�WKLV�NLQG�LV�GHVWUR\HG���VD\��DV�D�UHVXOW�RI�VRPH�LPSDFW���WKHQ�WKH�SHOOHW�LQ�PRVW�FDVHV�PRYHV�
IURP�$�WR�%�DV�WKH�HQHUJ\�EDUULHU�IURP�WKH�VLGH�RI�$�LV�OHVV��,I�WKLV�LPSDFW�LV�VPDOO��WKH�SHOOHW�ZLOO�PRUH�IUH�
TXHQWO\�PRYH�IURP�$�WR�%�QRW�IURP�%�WR�$��:KHQ�WKH�LPSDFW�LV�VWURQJ��WKH�SHOOHW�LV�H[SHFWHG�WR�RYHUFRPH�
WKH�EDUULHU�TXLFNHU� DQG�PRUH� IUHTXHQWO\�� L�H�� LW�PD\�PRYH�ERWK� IURP�$� WR�%�DQG� IURP�%� WR�$�� ,I�RQH�VWLOO�
ZLVKHV�WR�LPSDFW�WKH�SHOOHW�PRYHPHQW��WKHQ�D�JRRG�FRPSURPLVH�YDULDQW�FRXOG�EH�WR�VWDUW�ZLWK�WKH�VWURQJHVW�
LPSDFW�DQG�WKHQ�WR�OHVVHQ�LW�LQ�VHTXHQFH�WKXV�HQVXULQJ�WKDW�WKH�SHOOHW�FRXOG�SDVV�WKURXJK�WKH�JOREDO�PLQLPXP�
DW�VRPH�VWHS��

�

�
)LJXUH����$�VLPSOH�HQHUJ\�ODQGVFDSH��*��JOREDO��/��ORFDO���
�
7R�HQDEOH�SUDFWLFDO�DSSOLFDWLRQ�RI�WKH�6$�PHWKRG��LW�LV�QHFHVVDU\�WR�VSHFLI\�WKH�IROORZLQJ�SDUDPHWHUV��
��� &RVW�IXQFWLRQ�:���DQDORJRXV�WR�WKH�HQHUJ\�VXUIDFH���WKH�PLQLPL]DWLRQ�RI�ZKLFK�LV�WKH�SXUSRVH�RI�WKH�

SURFHGXUH��
��� $�VHW�RI�SRVVLEOH�VROXWLRQV�FRQIRUPLQJ�WKH�HQHUJ\�VXUIDFH�RU�WKH�VWDWH�RI�SK\VLFDO�V\VWHP��
��� *HQHUDWRU�RI�FRQILJXUDWLRQ�VWDWH�UDQGRP�FKDQJHV���
��� &RQWURO�SDUDPHWHU�7�WKDW�FKDUDFWHUL]HV�WKH�DUWLILFLDO�V\VWHP�WHPSHUDWXUH��DQG�DQQHDOLQJ�VFKHGXOH�WKDW�

FKDUDFWHUL]HV�LQ�ZKLFK�ZD\�WKH�WHPSHUDWXUH�LV�GHFUHDVHG��
�

,Q�D�JHQHUDO�IRUP��/DDUKRYHQ�HW�DO���������WKH�FRPELQDWRULDO�RSWLPL]DWLRQ�SUREOHP�FDQ�EH�IRUPDOL]HG�DV�
�5�:��ZKHUH�5� �VSDFH�RI�VWDWHV�DQG�:� �FRVW�IXQFWLRQ��:��5→5��7KH�WDVN�QRZ�LV�WR�ILQG�D�VWDWH�DW�ZKLFK�:�
DVVXPHV�LWV�PLQLPDO�YDOXH��WKDW�LV�VWDWH�L U �PHHWV�WKH�IROORZLQJ�FRQGLWLRQ��

: VXWZY [ :�L U � PLQ:�L�� ����
ZKHUH�: VXWZY � �RSWLPDO��PLQLPDO��YDOXH��7KHQ�WKH�0HWURSROLVHV�DOJRULWKP�FDQ�EH�XVHG�WR�JHQHUDWH�D�YDULHW\�RI�
VWDWHV��:�L���DQG�DPRQJ�WKRVH�WKHUH�FDQ�EH�:�L U ���
�
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�� 7+(�6$�$/*25,7+0�
7KH�6$�DOJRULWKP�LV�EDVHG�RQ�WKH�%ROW]PDQQ�SUREDELOLVWLF�GLVWULEXWLRQ��

3U�(�a ^_`baXcdH − � ����
([SUHVVLRQ�����GHWHUPLQHV�WKDW�LI�WKH�V\VWHP�LV�LQ�WKH�VWDWH�RI�WKHUPDO�HTXLOLEULXP�DW�WHPSHUDWXUH�7��LWV�HQ�

HUJ\�SUREDELOLVWLFDOO\�GLVWULEXWHV�RYHU�DOO�GLIIHUHQW�HQHUJ\�VWDWHV�(��(YHQ�DW�D�ORZ�WHPSHUDWXUH�WKHUH�H[LVWV�D�
SRVVLELOLW\�IRU�D�V\VWHP�RI�EHLQJ�LQ�KLJK�HQHUJ\�VWDWH��7KH�V\VWHP�KDV�WKH�FRUUHVSRQGLQJ�SUREDELOLW\�WR�SDVV�
IURP�WKH�ORFDO�HQHUJ\�PLQLPXP�VWDWH�WR�D�EHWWHU��PRUH�JOREDO�PLQLPXP���

7KH�6$�DOJRULWKP�FDQ�EH�ZULWWHQ�DV�IROORZV��
�

7 7 U ��
:KLOH�7!7 e f ghg ihg ��
���������'R�XQWLO�7KHUPDO�(TXLOLEULXP�LV�UHDFKHG�^�
����������������������FKRLFH��&RQILJ��L��!�&RQILJ��M���
����������������������LI�∆: T j ����WKHQ�
�������������������������DFFHSW�FKDQJHV�&RQILJ��M���
����������������������HOVH�
�������������������������U UDQGRP�QXPEHU>������
�������������������������LI��H[S��∆: T j �7�!U��WKHQ�
�����������������������������DFFHSW�FKDQJHV�&RQILJ��M���
���������������������������HOVH�
�������������������������������LJQRUH�FKDQJHV�&RQILJ��L��`�
��������������7 7
7 e �`�

ZKHUH�
������7 U � �LQLWLDO�WHPSHUDWXUH��
������: T � �FXUUHQW�FRQILJXUDWLRQ��
������:j � �FKRLFH�FRQILJXUDWLRQ��
������7 e � �WHPSHUDWXUH�YDULDWLRQ�FRHIILFLHQW��
������H[S��∆: T j �7�� �%ROW]PDQQ
V�IDFWRU��

�
7R�XQGHUVWDQG�WKH�HVVHQFH�RI�6$��WKH�IROORZLQJ�DQDORJ\�FDQ�EH�VXJJHVWHG��$VVXPH�D�VSDFH�RI�VWDWH�LV�VHW�

DV� D� EDVNHW� RI� DSSOHV� HDFK� VWDWH� EHLQJ� UHSUHVHQWHG� DV� DQ� DSSOH��$W� HDFK� VWHS� RQH� DSSOH� LV� GUDZQ� RXW� DQG�
ZHLJKWHG��+RZ�WR�ILQG�WKH�ELJJHVW�DSSOH"�,Q� WKH�GHWHUPLQLVWLF��IXOO��VHDUFKLQJ�DQ�DSSOH�LV�GUDZQ�RXW�RI�WKH�
EDVNHW��LV�ZHLJKWHG�DQG�LV�QRW�SXW�WR�WKH�EDVNHW�EDFN��7KH�EHVW�DSSOH�LV�NHSW�DVLGH��,Q�WKH�6$�PHWKRG��DQ�DSSOH�
LV�ZHLJKWHG�DQG�SXW�EDFN�WR�WKH�EDVNHW��+HQFH�LW�FDQ�EH�GUDZQ�RXW�DQG�ZHLJKWHG�VHYHUDO�WLPHV��

The SA technique differs from other gradient descent optimization methods in that it does not “stick” in 
WKH� ORFDO�PLQLPXP�IRXQG��$OWKRXJK�6$�LV�D�UDWKHU�VORZ�SURFHGXUH��LW��KRZHYHU��HQVXUHV�ILQGLQJ�WKH�JOREDO�
RSWLPDO�VROXWLRQ��

7KH�6$�PHWKRG�LV�ZLGHO\�XVHG�LQ�YDULRXV�FRPELQDWRULDO�RSWLPL]DWLRQ�WDVNV��,W�LV�HPSOR\HG�LQ�JUDSK�WKHRU\�
�WR�VSOLW�DQG�WR�SDLQW�JUDSKV���LQ�LQWHJUDWHG�FLUFXLW�PRGHOLQJ��/DDUKRYHQ�HW�DO���������QHXUDO�QHW�DSSOLFDWLRQV�
�&RXJKOLQ�	�%DUDQ������� HWF�� ,Q�ZKDW� IROORZV� D�ZHOO�NQRZQ� FRPELQDWRULDO� DQDO\VLV� WDVN� �� WKH�7UDYHOOLQJ�
6DOHVPDQ�3UREOHP��763����LV�VXJJHVWHG�DV�DQ�DSSOLFDWLRQ�RI�WKH�6$�PHWKRG��

�� 7+(�75$9(//,1*�6$/(60$1�352%/(0�
7KH�WDVN�RI�D�WUDYHOOLQJ�VDOHVPDQ�LV�WR�ILQG�WKH�VPDOOHVW�WRXU�OHQJWK�EHWZHHQ�1�FLWLHV�SURYLGHG�KH�YLVLWV�HDFK�
RQO\�RQFH�DQG�UHWXUQV�WR�WKH�VWDUWLQJ�SRLQW�DW�WKH�HQG�RI�WKH�WULS��7KLV�WDVN�FDQ�EH�VROYHG�E\�XVLQJ�GLIIHUHQW�
WHFKQLTXHV�RI�FRPELQDWRULDO�DQDO\VLV�DQG�JUDSK�WKHRU\��6ROYLQJ�WKH�763�E\�WKH�6$�DOJRULWKP�LV�GHVFULEHG�E\�
/DDUKRYHQ�HW�DO���������DQG�&RXJKOLQ�	�%DUDQ���������

,Q�WKH�Q�FLW\�763��D�GLVWDQFH�PDWUL[���' �G T j ),  i,j = 1,2……n  is given;  d T j ��GHQRWHV�WKH�GLVWDQFH�EHWZHHQ�
FLWLHV��L�DQG�M���$�WRXU�WKURXJK�WKH�Q�FLWLHV�LV�GHILQHG�DV�D�FORVHG�ZDON�WKDW�YLVLWV�HDFK�FLW\�H[DFWO\�RQFH��(DFK�
WRXU�FDQ�EH�UHSUHVHQWHG�E\�DQ�HOHPHQW�π�RI�WKH�VHW�RI�DOO�F\FOLF�SHUPXWDWLRQV�RI�WKH�Q�FLWLHV�^������Q`��LI�π�LV�GH�
ILQHG�VXFK�WKDW��π(i), i=1,…,n is the successor of city i in WKH�WRXU��7KXV��WKH�VHW�RI�FRQILJXUDWLRQV�FRQVLVWV�RI�



����� ���	�
� ��� ��
�������������� ������������� ��������������� ����� ����� !"�����#� ��$
%�&(' ) &+*	,���-
.	/�021 3
4#�6587 3
9+583(: ;�-+029(<+=
4 >?�"7 3
@ <A
�4 -
B+@ 3
.?C?=
9(<���-2.	/�0
1 324���7 .D02@ =+1 7 -29�E�,DF(G"H I�J K2&+LAM2J ) N?) *8*
O2&(P
� ��;��
Q+Q+Q+Q
Q+Q+Q+Q
Q+Q+Q+Q+Q
Q+Q+Q+Q
Q(Q+Q+Q+Q
Q+Q+Q+Q
Q(Q+Q+Q
Q+Q+Q+Q+Q
Q+Q+Q+Q+Q
Q+Q+Q+Q
Q(Q+Q+Q
Q+Q+Q+Q+Q
Q(Q+Q+Q
Q+Q+Q+Q+Q
Q+Q+Q+Q
Q+Q+Q+Q+Q
Q(Q+Q+Q
Q+Q+Q+Q+Q
Q(Q+Q+Q
Q+Q+Q+Q
Q+Q+Q+Q+Q
Q+Q+Q+Q+Q
Q(Q+Q+Q6R(S+S+S

�

DOO�F\FOLF�SHUPXWDWLRQV�RI��^��������Q`��WKHUH�DUH��½ �Q������VXFK�SHUPXWDWLRQV�IRU�D�763�ZLWK�D�V\PPHWULF�GLV�
WDQFH�PDWUL[��DQG�WKH�FRVW�RI�D�SHUPXWDWLRQ�LV�GHILQHG�DV�WKH�OHQJWK�RI�WKH�FRUUHVSRQGLQJ�WRXU��

&�π� ∑
=

k
l llGm no

π � ����

7KH�763�QRZ�LV� WR�PLQLPL]H�WKH�FRVW�RYHU�DOO�SRVVLEOH�SHUPXWDWLRQV��&RQVLGHU� WKH�FODVV�RI�SUREOHP�LQ�
VWDQFHV��ZKHUH�WKH�Q�FLWLHV�DUH�SRLQWV�LQ�WZR�GLPHQVLRQDO�(XFOLGHDQ�VSDFH��ZKRVH�ORFDWLRQV�DUH�GUDZQ�LQGH�
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,Q�RUGHU�WR�EH�DEOH�WR�DSSO\�WKH��6$�DOJRULWKP��D�QHLJKERUKRRG�VWUXFWXUH�PXVW�EH�GHILQHG��L�H��IRU�HDFK�WRXU�

RQH�KDV�WR�GHILQH�D�QHLJKERUKRRG�DV�WKH�VHW�RI�WRXUV�WKDW�FDQ�EH�UHDFKHG�IURP�WKH�SUHVHQW�WRXU�LQ�RQH�WUDQVL�
WLRQ��$�ZHOO�NQRZQ�QHLJKERUKRRG�VWUXFWXUH�IRU�763��ZKLFK�LV��DOPRVW�ZLWKRXW�H[FHSWLRQ��XVHG�LQ�DSSOLFDWLRQV�
RI�6$�WR�763��LV�GHILQHG�E\�WKH�JHQHUDWLRQ�PHFKDQLVP�IRU�WUDQVLWLRQV�DQG�WKH�FRUUHVSRQGLQJ�WUDQVLWLRQV�DUH�
NQRZQ�DV��N�RSW�WUDQVLWLRQV��7KH�VLPSOHVW�FDVH��D���RSW�WUDQVLWLRQ��LV�FDUULHG�RXW�E\�VHOHFWLQJ�WZR�FLWLHV�LQ�WKH�
SUHVHQW�WRXU�DQG�UHYHUVLQJ�WKH�RUGHU�LQ�ZKLFK�WKH�FLWLHV�LQ�EHWZHHQ�WKLV�SDLU�RI�FLWLHV�DUH�YLVLWHG��VHH�)LJXUH�����
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)LJXUH�������RSW�H[DPSOH��OHIW�–�FXUUHQW�WRXU��ULJKW���WRXU�DIWHU�UHYHUVLQJ�WKH�RUGHU�EHWZHHQ�FLWLHV�P�DQG�Q���
�
$�QHLJKERUKRRG�RI�D�WRXU�LV�QRZ�GHILQHG�DV�WKH�VHW�RI�DOO�WRXUV�WKDW�FDQ�EH�UHDFKHG�IURP�WKH�FXUUHQW�WRXU�

YLD�D����RSW�WUDQVLWLRQ��WKHUH�Dre ½(n���Q��VXFK�QHLJKERUV���
7KH�WHPSHUDWXUH�YDULDWLRQ�FRHIILFLHQW�IRU�FRROLQJ�VFKHGXOH��7 e �� LV��������/DDUKRYHQ�HW�DO��������� ,Q� WKLV�

ZD\�WKH�UXQQLQJ�WLPH�IRU�HDFK�WUDQVLWLRQ�LV�2�QW
z ��ZKHUH�S����DQG�WKXV�WKH�WRWDO�UXQQLQJ�WLPH�IRU�WKH�DOJR�
ULWKP�LV�2�QW ��ZKHUH����S����

�� (;3(5,0(176�
7R�LPSOHPHQW�WKH�6$�PHWKRG�DQG�WR�HYDOXDWH�LWV�SHUIRUPDQFH��WKH�IROORZLQJ�FDVH�VWXG\�KDV�EHHQ�FKRVHQ��$V�
VXPH�D�PDS�RI�/DWYLD�LV�JLYHQ�ZLWK�WKH�UHJLRQDO�FHQWHUV�PDUNHG��,W�LV�UHTXLUHG�WR�VROYH�WKH�763����WDVN�ZLWK�
WKH�KHOS�RI�WKH�6$�PHWKRG��L�H��WR�GHWHUPLQH�WKH�VKRUWHVW�WRXU�OHQJWK�EHWZHHQ����/DWYLDQ�WRZQV��

7KH�/DWYLDQ�PDS�VKRZQ�LQ�)LJXUH���LV�WDNHQ�IURP�*UROLHU�0XOWLPHGLD�(QF\FORSHGLD�RI������DYDLODEOH�LQ�
WKH�,QWHUQHW�DW��KWWS���ZZZ�UHF�KX�5(&�0DSV�ODWBPDS�KWPO���
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)LJXUH����/DWYLDQ�PDS�ZLWK�WKH�UHJLRQDO�FHQWHUV�PDUNHG�ZLWK�D�FURVV��

�
'HQRWDWLRQV�RI�WKH�WRZQV�DQG�WKHLU�FR�RUGLQDWHV�DUH�VSHFLILHG�LQ�7DEOH�����
�

7DEOH����'HQRWDWLRQV�DQG�FR�RUGLQDWHV�RI�WRZQV��
1R�� 5HJLRQ� 7RZQ� ;�� ;��
�� $� 5 JD� ����� �����
�� %� /LPEDåL� ����� �����
�� &� 9DOPLHUD� ����� �����
�� '� & VLV� ����� �����
�� (� 9DOND� ����� �����
�� )� $O NVQH� ����� �����
�� *� *XOEHQH� ����� �����
�� +� %DOYL� ����� �����
�� ,� /XG]D� ����� �����
�� -� 5 ]HNQH� ����� �����
��� .� .U VODYD� ����� �����
��� /� 'DXJDYSLOV� ����� �����
��� 0� 3UHL L� ����� �����
��� 1� - NDESLOV� ����� �����
��� 2� 0DGRQD� ����� �����
��� 3� $L]NUDXNOH� ����� �����
��� 4� 2JUH� ����� �����
��� 5� %DXVND� ����� �����
��� 6� -HOJDYD� ����� �����
��� 7� 'REHOH� ����� �����
��� 8� 7XNXPV� ����� �����
��� 9� 7DOVL� ����� �����
��� :� 9HQWVSLOV� ����� �����
��� ;� .XOG JD� ����� �����
��� <� 6DOGXV� ����� �����
��� =� /LHS MD� ����� �����

�
)RU�WKH�SXUSRVH�RI�763�VLPXODWLRQ��D�VRIWZDUH�SURJUDP�ZDV�ZULWWHQ��7KH�UHVXOWV�RI�LWV�VLPXODWLRQ�FDQ�EH�

VHHQ�LQ�)LJXUH����
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7KH�UHVXOWV�RI�WKH�SURJUDP�H[HFXWLRQ�DUH�SUHVHQWHG�EHORZ��
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7UDYHOOLQJ�6DOHVPDQ�3UREOHP�ZLWK�6LPXODWHG�$QQHDOLQJ��
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)LJXUH����7KH�VKRUWHVW�WRXU�DFFRUGLQJ�WR�WKH�H[SHULPHQWDO�UHVXOWV��

�� &21&/86,216�
7KLV�VWXG\�GHVFULEHV�WKH�6$�PHWKRG�DQG�SUHVHQWV�DQ�H[DPSOH�RI�LWV�LPSOHPHQWDWLRQ�DV�DSSOLHG�WR�VROYLQJ�WKH�
7UDYHOOLQJ� 6DOHVPDQ�3UREOHP��7KH� 6$� DOJRULWKP� LV� UDWKHU� VORZ��7KLV�� KRZHYHU�� SURYLGHV� ILQGLQJ� DQ� RSWL�
PXP��7KH�6$�PHWKRG�FDQ�IXUWKHU�EH�XVHG�WR�PRGHO�QHXUDO�QHWZRUN�PRGHOV��%ROW]PDQQ�PDFKLQHV��

�
$FNQRZOHGJHPHQW� ,�WKDQN�3URIHVVRU�$UNDG\�%RULVRY��5LJD�7HFKQLFDO�8QLYHUVLW\��IRU�XVHIXO�FRPPHQWV�RQ�

WKH�PDQXVFULSW��

5()(5(1&(6�
&RXJKOLQ��-�3��	�%DUDQ��5�+��������1HXUDO�&RPSXWDWLRQ�LQ�+RSILHOG�1HWZRUNV�DQG�%ROW]PDQQ�0DFKLQHV��8QLYHUVLW\�RI�

'HODZDUH�3UHVV��
.LUNSDWULFN��6���*HODWW��&�'��	�9HFFKL��0�3��������2SWLPL]DWLRQ�E\�VLPXODWHG�DQQHDOLQJ��6FLHQFH����������������
/DDUKRYHQ�� 3�-�0�� YDQ� 	� $DUWV�� (�+�/�� ������ 6LPXODWHG� $QQHDOLQJ�7KHRU\� DQG� $SSOLFDWLRQV�� '�� 5HLGHO� 3XEOLVKLQJ�

&RPSDQ\��+ROODQG��
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3HWHULV�*UDEXVWV��5LJD�7HFKQLFDO�8QLYHUVLW\��5LJD��/DWYLD��(�PDLO�SHWHU#LEP�FV�UX�OY��
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